The mixed-symmetry collective modes are investigated in Cr-Fe nuclei, by analyzing the realistic shell-model wavefunctions via the H n -cooling method.
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I. INTRODUCTION
While the mixed-symmetry (MS) states of the proton-neutron interacting boson model (IBM-2) have been studied for more than a decade, there still remain various aspects to be explored on this type of collective mode. The 1 + states discovered around E x ≃ 3 MeV in rotational nuclei [1] correspond to a MS state (scissors mode), which has been predicted by the IBM-2 [2] as well as by other models [3] . Significant fragmentation of the B(M1) strength, however, has been observed. The MS 2 + state has remained much less investigated so far, though this 2 + state may be lower than any other MS states in spherical nuclei [4] .
In terms of the geometrical picture, the MS 2 + state in a spherical nucleus is interpreted as the quadrupole oscillation out of phase between protons and neutrons [5] . Experimental studies in the Cr-Fe region have suggested the presence and rather weak fragmentation of the MS 2 + state [6] . We have reported a realistic shell-model result on this state in 56 Fe [7] .
We shall study, in this paper, the MS states of Cr-Fe nuclei in more detail. These nuclei provide us with a precious clue to understanding some basic features of the nuclear quadrupole collective motion from microscopic standpoints. On one side, salient quadrupole collectivity can be formed in these nuclei. On the other side, these nuclei are accessible by a realistic shell-model calculation [8] , which becomes prohibitively difficult in heavier nuclei. In order to discuss quadrupole collective modes based on the shell model, the H ncooling method (H n CM), which has been proposed in the previous paper [9] , will be used.
The wavefunctions of the MS states have been generated explicitly with the renormalization based on the H n CM. It is straightforward to compare these wavefunctions with those of the realistic shell model. We thus investigate some properties of the relatively low-lying MS states in connection to the realistic shell-model calculation.
II. SHELL-MODEL CALCULATION AND RENORMALIZATION
It has been shown that a large-scale shell-model calculation with a realistic interaction derived from the G-matrix [10] is successful in the middle pf-shell region [7, 8] . The k ≤ 2 model space has been assumed, where k denotes the number of nucleons excited from 0f 7/2 to the upper pf-shell orbits. For even-even nuclei, the energy levels with E x < 4 MeV are described to a good accuracy, with typical deviation of 0.3 MeV [8] . The large configuration space is crucial to reproduce the levels in the energy region of 3 < E x < 4 MeV, where the MS states likely appear. The energy levels of 58 Fe and 56 Cr are also shown in Ref. [9] .
We shall investigate the MS quadrupole collective modes, based on this realistic shellmodel result. In the OAI mapping [11] , a correspondence is postulated between the IBM-2
states and the fermion states comprised of the SD-pairs. The realistic shell-model hamiltonian, however, contains various correlations, which are not carried by the naive S-and D-pairs. The total probability of the SD-components is substantially smaller than unity even in the shell-model 0 + 1 and 2 + 1 states. In order to incorporate effects of the non-SD components, we renormalize the wavefunctions of the SD-states. The leakage out of the SD space occurs because of the excitation from 0f 7/2 , as well as of the admixture of like-nucleon pairs other than S and D. The excitation out of the 56 Ni core amounts to about 40% in the ground states [8] , whereas the influence of other nucleon pairs without the core excitation is small in the 0 + 1 and 2 + 1 states. This relatively large core-excitation probability requires a method beyond the perturbation theory. The H n CM developed in the previous paper [9] enables us to renormalize wavefunctions of the quadrupole collective states and to discuss the MS states to the same extent as the 0 We shall briefly discuss here the renormalization associated with the H n CM briefly, which has been introduced in Ref. [9] . In the description assuming the 56 Ni inert core, the 56 Fe nucleus has a pair of proton holes and a pair of neutron valence particles. In the H n CM, the primary bases [9] (denoted by Ψ
λ with λ = 1, 2, · · · , l) are assumed at the beginning. The bases consisting of the SD-pairs will be taken as primary bases in the present case. If e −βH acts on a primary basis, each basis yields a superposition of a number of exponentially-decaying components. In the H n CM with a given n, we consider n non-primary bases (denoted by φ
λ , through the powerseries expansion of e −∆βH up to O((∆β) n ). The φ (ν) λ basis is generated from H ν Ψ (0) λ . In this procedure, an appropriate orthonormalization is applied. We thus have the following primary and non-primary orthonormal bases,
For each λ, we solve the eigenvalue problem within the space
λ , · · · , φ In the application of the H n CM to the SD-space of the Cr-Fe nuclei [9] , the angularmomentum conservation is treated exactly in the whole procedure of the H n CM, by choosing the bases with good angular momentum for Ψ
λ 's. Note that, because the proton and neutron pairs are formed by different orbits, all the SD-states have the same isospin for a given nucleus. This situation is also maintained during the H n CM. Moreover, the protonneutron symmetry (i.e., F -spin), which concerns our main interest of this paper, is also taken into consideration in choosing the primary bases.
The effective hamiltonian within the renormalized SD space is given by the matrix
The energy levels and corresponding wavefunctions in the renormalized SD space are calculated by diagonalizing the matrix thus obtained. Therefore each of these eigenfunctions is a linear combination of Ψ (n) λ 's. In the following sections, we shall inspect the eigenfunctions within the renormalized SD space, focusing on the MS components.
The actual H n CM procedure is carried out for n = 2 (i.e., H 2 CM) in this study.
As shown in Ref. [9] , the H 2 CM provides us with remarkable improvement on the 0 Table I of Ref. [9] ). The energy levels are also in good agreement, between the H 2 CM and the shell-model results (see Figs. 1, 2, 5 and 6 of Ref. [9] ). A boson mapping, which is an extension of the OAI mapping, has also been introduced in Ref. [9] . The IBM-2 parameters have been evaluated via this mapping. These parameters characterize some properties of the quadrupole collective states.
III. ENERGIES OF MIXED-SYMMETRY STATES WITH H 2 CM
We shall discuss, in this section, the structures of the eigenstates obtained within the around the lowest-lying MS components. As is shown in Table I , the F -spin purity of the second 2 + state of 56 Fe is excellent. This is consistent with the earlier analysis in Ref. [7] .
Thus the F -spin plays a significant role in classifying the collective states of 56 Fe.
In contrast to 56 Fe, there is a certain amount of mixing between totally symmetric and MS components in the other three nuclei. Among them, 56 Cr has a relatively good F -spin purity for the MS-dominated 2 + state. This can be discussed in association with the IBM-2 hamiltonian, which has been derived via the extended OAI mapping in Ref. [9] . The F -spin purity correlates mainly with the χ parameters of the bosonicQ π ·Q ν interaction, since ǫ dπ and ǫ dν have rather close values to each other. In 56 Fe and 56 Cr, the F -spin breaking due to theQ π ·Q ν interaction is expected to be small, because χ π ≈ χ ν (see Table II of Ref.
[9]). It is noticed from Table I . As well as the excitation energy, the admixture of the symmetric component is stable among the three nuclei (20-30%).
The MS 1 + state is relatively easy to observe [1] . It is worth discussing the position of the MS 3 + state relative to the MS 1 + state.
In the IBM-2, the lowest MS 1 + and 3 + states are approximately expressed as
where the core state 0 
with the boson hamiltonian denoted by H B . Note that this relation holds exactly in the
We here assume the following IBM-2 hamiltonian,
Though a more general IBM-2 hamiltonian has been derived in Ref. [9] , this form is usually sufficient to discuss the basic structure of the low-lying states. Substituting the above hamiltonian (5) into Eq. (4), we obtain
The κ parameter is positive in physical cases, and is relatively insensitive to nuclide. If the (ξ 3 − ξ 1 ) term is negligible, the nucleus-dependence of E(3
governed by the χ π χ ν value.
The large positive χ π χ ν value in 56 Fe, which has been shown in states with more than 70% probability in total. This is consistent with the previous report in Ref. [7] . As is viewed in Similarly, the doorway nature of the MS 1 + state is clarified in the distribution over the shell-model eigenstates, as shown in Fig. 1(b) . The 1 + component is mainly shared by the shell-model 1 + 2 and 1 + 3 states, both of which exist around 3.5 MeV, with 87% probability in total.
The MS 1 + component can be searched by using the M1 transition to the ground state.
Whereas the M1 transition is forbidden for a purely spherical ground-state, even a small deformation makes it measurable. The following shell-model M1 operator is adopted as in
Refs. [7, 9] ,
together with g carry some M1 strengths, their contribution will be important only in the higher energy region, as will be discussed further in Sect. V. The above spin-quenching factor has been fitted to the B(M1) values among lowest-lying states of 56 Fe [7] . This factor is considerably smaller than the one predicted from microscopic standpoints [13] , and may be ascribed to the influence of higher k configurations. It is noticed that a relatively strong influence of higher k configurations has been suggested for 56 Fe on the basis of the electromagnetic properties [8] . It is found that the B(M1) distribution over low-lying states resembles the distribution of the MS component shown in Fig. 1(b) . Both of the 1 The concentration of the MS 1 + component around E x ≃ 3.5 MeV seems to be consistent with the recent (e, e ′ ) and (p, p ′ ) experiments reported in Ref. [14] .
The distribution of the second 2 + state in the collective space of 54 Cr over the shellmodel eigenstates is depicted in Fig. 2(a) . The shell-model 2 
and the harmonic-oscillator single-particle wavefunctions with b = 1.956fm, as in Ref. [9] .
The distribution of the low-lying M1 and M3 strengths is presented in Fig. 4 Summed strengths are presented in Table II . Because of a numerical difficulty caused by the greater model space [9] , the energy range in which the shell-model eigenstates are searched is restricted to a smaller region than in the N = 30 nuclei. We mention a few points at this stage. There is a certain fragmentation for any of the collective MS-dominant states in the renormalized SD space. The fragmentation appears somewhat stronger in these N = 32 nuclei than in the N = 30 nuclei. Nevertheless, an appreciable portion of the collective component is already found in the low energy region, as is shown in Table II 
A. Summed strengths and central energies
As in the Gamow-Teller (GT) transition [16] , a certain part of the M1 strengths is carried by the 1 + states with the k = 3 configuration, even if the ground state is described only by the k ≤ 2 configurations. Therefore, when we study the B(M1) distribution including a relatively high energy region with the k ≤ 2 ground-state wavefunction, we should not discard the k = 3 configuration for the 1 + states. For this reason, in the following we treat the 1 + states in the k ≤ 3 space, keeping the ground state in the k ≤ 2 space. In fact, there should be a certain admixture of the k = 3 configuration in the low-lying 1 + states, although their influence will be small and may be taken into account by adjusting the single-particle parameters. Though the B(M1) values among low-lying states have been reproduced by the M1 operator of Eq. (10) within the k ≤ 2 space, the single-particle parameters adopted there reflect the influence of the k = 3 configuration to some extent. There is no reason to apply the same parameters to the calculation involving the k = 3 configuration explicitly.
We here use, for convenience, the M1 operator with the single-particle parameters evaluated by Towner [13] from microscopic viewpoints. 
where N stands for a normalization constant. The total B(M1) value is equal to N −2 . We next carry out the isospin projection for |1 It is noted that the isospin decomposition of the M1 strength is important in some cases;
for example, it yields significant information on the double-β-decay matrix-element [17] , via the close relation of M1 to the GT transition.
Table III also shows the central energies of the M1 strengths,
At first glance, this appears to be obtained by 1
, where H indicates the shell-model hamiltonian in the k ≤ 3 space and P T denotes the isospin projector. However, the following corrections are necessary. There is a certain difference in the ground-state energy between the k ≤ 2 and k ≤ 3 spaces. AlthoughĒ x should be measured from the k ≤ 3 ground-state energy, it is not easy to compute the ground-state energy in the k ≤ 3 space because of its large dimensionality (about 2 × 10 6 in the Mscheme). It is remarked that, as far as the energy intervals among low-lying 1 + states are concerned, the k ≤ 3 space has been confirmed to yield almost the same values as the k ≤ 2 space. To circumvent the time-consuming computation, we shift the T = T 0 1 + levels so that
) in the k ≤ 3 space becomes equal to that obtained in the k ≤ 2 space [8] . Regarding the T = T 0 + 1 case, we adjust the T = T 0 + 1 levels, by using the data of the neighboring nuclei [18] . For 56 Fe, the energy of the lowest 1 + state with T = 3 is extracted from E x (1 we apply the formula derived from the uniform charge-distribution,
The energy of the T = 4 1 + component of 54 Cr is corrected in a similar manner, by using the 54 V data. Although the 1 N . Thus, for the M1 strengths from these low-lying states, the influence of the difference in size of the model space is absorbed into the single-particle parameters.
In Fig. 7 , we see a low peak at 3-4 MeV for the T = T 0 = 2 part, well below the main peak at around 8 MeV. The excitation regarding the orbital angular-momentum highly dominates this peak. The 1 For 54 Cr, the energies of the low-lying 1 + levels are not sufficiently convergent with 45
iterations. Still, the energy intervals among several lowest-lying components appear to be similar to those obtained in the k ≤ 2 space. We also notice a peak around 4 MeV separated from the main peak (see Fig. 8 ), thus indicating that the MS component is observable via the low-energy M1 peak. This peak is predominantly constituted by the excitation of the orbital angular-momentum, as in 56 Fe.
C. Spin excitation
We next turn to the main peaks of the B(M1) distribution. The main peak for the T = T 0 strengths (see Figs. 7 and 8) is dominated by the single-particle excitation from the j = l + 1/2 orbit to its spin-orbit partner j ′ = l − 1/2. Such an excitation is often called spin excitation, because it is mainly contributed by the nucleon-spin operator, as shown below.
The high-energy tail of the peak is low but damps very gradually. The B(M1) value up to 12 MeV amounts to 93% (94%) of the whole sum of T = T 0 strengths, for 56 Fe ( 54 Cr).
Therefore caution will be necessary in looking at experimental data on the summed B(M1)
values: it is hard to extract the isospin-conserving M1 strength by experiments with better precision than 10%.
For 56 Fe, the M1 distribution below 15 MeV has been investigated experimentally [1] .
The pattern of the distribution is reproduced well by the present calculation.
It is found in Fig. 7 that, around the main peak, the M1 strengths due only to the spin terms are substantially greater than the B(M1) values containing all contributions.
Namely, although the spin contribution is dominant in this peak, there exists a certain destructive contribution of the orbital angular-momentum. This is explained in a simple way as follows. Let us consider the single-particle matrix-element j
Neglecting the [Y (2) s]-term in the M1 operator, we obtain [20] . Because |g s | is appreciably larger than |g l |, the spin contribution is dominant in this excitation, as has been stated above. On the other hand, the orbital contribution should be present, as far as the M1 transition involves proton excitations. Therefore, except for the proton LS-closed nuclei, the spin excitation should contain a destructive contribution from the orbital angular-momentum. We thus need caution in extracting the B(M1) values from (p, p ′ ) experiments, which hardly excite the orbital motion owing to the locality of the NN interaction: (p, p ′ ) tends to overestimate the B(M1) values around the peak region. For 54 Cr (see Fig. 8 ), the destructive orbital contribution to the spin excitation is confirmed by summing the M1 strengths in the 7-10 MeV region, though it is not apparent for individual bins because of the poor convergence.
The main fraction of the T = T 0 + 1 strengths, which are also shown in Fig. 7 for 56 Fe and Fig. 8 for 54 Cr, seems to be distinct in energy from the main body of the T = T 0 strengths, besides the reliability of the estimated excitation energy. The peak appears to be high enough as not to be hidden in the T = T 0 component. However, the tail of the T = T 0 component amounts to about 10% for each bin relative to the T = T 0 + 1 peak height. Even if the peak can be observed clearly, it will not be easy to obtain the isospin-raising strength from M1 excitation experiments with a high precision. While the spin degrees-of-freedom
give the main contribution to the T = T 0 + 1 M1 strengths, the orbital angular-momentum contributes destructively, by the same mechanism as in the T = T 0 case.
VI. SUMMARY AND DISCUSSION
By applying the H n -cooling method (H n CM) with n = 2, the IBM-2 picture is extracted In addition to Ref. [7] , Halse studied quadrupole collective modes including the MS ones in the Cr-Fe nuclei [21] . His work has been based on a more severely truncated shell-model calculation assuming the 56 Ni inert core [22] , which does not reproduce the energy levels beyond 3 MeV precisely. The predicted energies of the MS-dominant states are not so different from the present one, though the fragmentation of those components was out of scope in that work.
We show a clear evidence that the lowest MS-dominant state has J P = 2 + for these nuclei.
There have been several theoretical and experimental suggestions, in this mass region [6, 21] as well as in heavier-mass region [23] , that the lowest MS state has J P = 2 + for some nuclei.
This expectation is confirmed by the present realistic study. we can treat the isospin correctly. The MS 1 + component forms a peak in the low-energy region, and is well separated from the main peak of the spin excitation. Concerning the summed M1 strength, it is found that the tail of the B(M1) distribution may contribute by about 10%. The isospin-raising component seems to have a distinct peak from the isospinconserving one. The destructive contribution of the orbital angular-momentum is confirmed both for the isospin-conserving and isospin-raising spin excitations.
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